In these torsional oscillator experiments the samples of solid 4 He were characterized by measuring their thermal conductivity. Polycrystalline samples of helium of either high isotopic purity or natural concentration of 3 He were grown in an annular container by the blocked-capillary method and investigated before and after annealing. No correlation has been found between the magnitude of the low-temperature shift of the torsional oscillator frequency and the amount of crystalline defects as measured by the thermal conductivity. In samples with the natural 3 He concentration a substantial excess thermal conductivity over the usual T 3 dependence was observed below 120 mK.
Solid helium is the best example of a quantum crystal, in which substantial zero-point motion makes atoms and crystalline defects highly mobile even at very low temperatures. Kim and Chan observed anomalies in its response to rotational acceleration [1] : the resonant frequency of a torsional oscillator (TO) filled with hcp 4 He increases at temperatures below ∼ 100 mK -suggesting that solid helium no longer accelerates as a rigid rotator, but that a fraction of its mass in effect detaches from the oscillatory motion. This frequency shift disappears when the TO is driven at high amplitudes. Such a shift would have been a sign of the much sought after "supersolid", a substance combining crystalline order with superfluidity [2, 3] . The fraction of the effectively detached mass is usually within 0.1%-1% but varies for different containers and growth methods. Annealing of polycrystalline samples often results in the reduction of the frequency shift [4, 5] but sometimes in its increase [5] , while single crystals show no change [5] . The concentration of 3 He impurities, x 3 , in the initial liquid 4 He strongly affects the characteristic temperature T 0 at which the TO frequency is half-way between its high-and low-temperature values: T 0 ∼ 30 mK for x 3 = 10 −9 and increases to ∼ 300 mK for x 3 = 10 −5 [6] . All these observations suggest that the phenomenon is influenced by crystalline defects interacting with impurities. Theoretical explanations have been proposed -ranging from superfluidity along dislocations and grain boundaries [7] to peculiar dynamics of glassy helium [8] and vibrating dislocations [9] . However, no complementary characterization of the density and type of relevant defects has been performed so far.
Measurements of the phonon thermal conductivity κ in solid 4 He at T < 300 mK can probe the quality of the sample. Armstrong et al. [10] studied cylindrical samples of polycrystalline hcp 4 He and showed that in the defectscattering regime the phonon mean free path (m. f. p.) ℓ was 0.1-1 mm, but can be doubled after annealing. The goal of our experiments was to see if there is a relation between the value of ℓ and the magnitude of the TO frequency shift in different samples of solid 4 He.
The kinetic-theory expression gives [11] 
where the phonon heat capacity per unit volume is
and the phonon velocity, averaged over all branches and crystal orientations (for a polycrystal), suitably approximated by the Debye velocity is
The heat capacity of hcp 4 He follows the C v ∝ T 3 dependence of Eq. 2 at temperatures T < 500 mK, albeit with occasional sample-dependent deviations below ∼ 100 mK [12] . In essence, measuring κ(T ) is an acoustic probing of a solid by thermal (predominantly transverse) phonons of frequency f ∼ h −1 k B T ∼ 2 GHz and wavelength
44 is the velocity of the transverse sound. The velocities v t andv are expected to be independent of temperature: even though the shear modulus c 44 , measured at low frequencies 0.5 Hz-8 kHz, was found to decrease above ∼ 100 mK [13] , this phenomenon is not expected to extend to our GHz frequencies in the temperature range of interest, 80-250 mK (at least within the models of glass-like dynamics of solid helium [8] and mobile dislocation segments [9] , whose characteristic frequencies at T ∼ 100 mK are ∼ 1 kHz and ∼ 10 MHz).
In our experiment, helium samples had a shape of cylindrical annulus of mean radius r = 6.63 mm, thickness d = 0.30 mm and height h = 14 mm. Torsional oscillations were investigated about the cylinder axis while the thermal conductivity was measured along the axis. To estimate the phonon m. f. p. in the boundaryscattering limit, one can think of a long slab of rectangular cross-section of width ∼ 2(2rd) 1/2 and hence aspect ratio n ∼ 2(
For diffuse scattering off container walls, this leads to ℓ ≈ 3 4 (ln 2n + 1 2 )d = 0.85 mm [14] , while exact numerical calculations for our annulus yield ℓ = 0.97 mm [15] . The cell was composed of two coaxial stainless steel tubes brazed together at the bottom (see inset in Fig. 1 ). Their roughness (asperity size) was on scale ∼ 2 µm, and wall thickness of the inner (outer) tube was 0.5 mm (0.3 mm). The assumption of diffuse scattering off these walls should hold for phonons of wavelength 0.2 µm even for grazing angles ∼ d/ℓ = 0.3 rad that mainly contribute in this geometry. At the top the cell was brazed to a beryllium copper piece consisting of a disk-shaped plate, a torsion rod and a flange. The flange was indium-sealed to a beryllium bronze parallelepiped, capacitively coupled to two flat electrodes for driving and detecting torsional oscillations, with another torsion rod that was attached to the platform with an indium seal. A channel drilled through both torsion rods formed the fill line. Oscillations could be excited with the resonant frequency of 853.6 Hz and linewidth of 1.05 mHz (the quality factor Q = 8.1 × 10 5 ) at T =300 mK. The platform held a heater and two thermometers (a 3 He melting curve thermometer and a calibrated germanium resistor) and was thermally connected to the mixing chamber of a dilution refrigerator through a copper wire, ∼ 0.5 mm in diameter and ∼ 5 cm in length.
Samples were grown from either 4 He, isotopically purified using heat flush technique [16] (x 3 < 5 × 10 −13 ), or 4 He with natural isotopic ratio (x 3 ∼ 3 × 10 −7 ). Liquid helium was pressurized to P = 84 bar at 3.5 K and then cooled down to complete solidification at P m = 51 bar and T m = 2.35 K (corresponding to V m = 19.5 cm 3 and Θ D =31.5 K [17, 18] ). During the cool-down the fill line was first blocked by solid near the 1 K pot of the dilution refrigerator, and then the sample in the cell grew at constant volume. The resonant frequency of the TO decreased by 1.6 Hz upon filling the cell and solidification. To melt and regrow the sample we used either the gradient heater or the platform heater. By varying the heater current and heating time we were able to vary the sample growth time between ∼ 40 s and several hours.
Thermal conductivity was measured by means of running a known current through the 1.5 kΩ gradient heater at the bottom of the cell and subsequently measuring the temperature difference established between two RuO 2 thick-film resistor thermometers glued with varnish to the side of the cell z = 7 mm apart and 3.5 mm from either end. The end-effect correction to κ [11] is small for ℓ ≤ 1 mm. The heat leak through the thermometer wires was negligible. With homogeneous and isotropic samples of polycrystalline solid helium in the cell, as well as with the empty cell, this arrangement results in a uniform axial distribution of temperature gradient. The temperature of thermometer 1, T , was stabilized by applying a computer-controlled power to the heater attached to the platform. At each value of T we used 4-5 different values of the current in the gradient heater (from zero to maximum compatible with the cooling power of the cryostat). Depending on temperature, the process of stabilization took up to 1 hour, after that it could take up to 1 hour to average the readings of the thermometers in the steady state regime. Their temperature difference ∆T was proportional to the power dissipated in the gradient heateṙ Q with an uncertainty of 15% (at the lowest reported temperature) or less. The value of κ = z 2πrdQ ∆T was thus calculated with the absolute accuracy of ∼ 10%. The typical values ofQ ranged from 10 nW to 1 µW, and ∆T were between 0.1 and 1 mK, i. e. within 10 −3 -10 −2 T . For the measurements of the TO response the temperature has been typically swept from 300 mK to the lowest achievable temperature, 22 mK, over 15 hours. On sweeping the temperature twice slower we have not observed any difference; hence, the presented temperature dependences are equilibrium. The TO amplitude was kept sufficiently low, so that 50% increase of the amplitude of the driving voltage did not result in any decrease of the magnitude of the frequency shift at low temperatures.
The thermal conductivity of the empty cell was found to be proportional to temperature and consistent with that for stainless steel; it did not exceed 20% of the total thermal conductivity at the lowest temperatures and was subtracted. We have also measured the temperature dependence of the resonant frequency and linewidth of the empty TO. These were subsequently subtracted from the data obtained with the filled cell. The resonant frequency of the empty cell increased by 0.3 mHz upon cooling from 300 mK to 50 mK, which was much smaller than the typical frequency shifts of the filled cell.
For all 17 samples of purified 4 He, we observed the κ ∝ T 3 dependence in the whole range of temperatures where we could measure it, 80-250 mK (see example in Fig. 1, △) . The value of ℓ, calculated using Eq. (1-3) , was typically 0.23-0.27 mm for rapidly grown samples and increased to 0.34-0.40 mm after annealing. As all these values are smaller than the theoretical upper limit of ℓ ≈ 1 mm, phonon scattering off crystalline defects was dominant. Thus the quality of each sample can be characterized by the parameter ℓ. Surprisingly, the thermal conductivity in all 9 samples of non-purified 4 He was higher than that of purified samples. Moreover, all of them had low-temperature flat parts below T = 120 mK (Fig. 1, • and •) . The phonon m. f. p., as inferred from κ ∝ T 3 parts, was 0.60-0.73 mm for all as-grown samples. Annealing resulted in further increase of κ -by a factor of 1.6-2.0 at T < 150 mK and by a progressively larger factor at T > 150 mK. The resulting values of ℓ (as extracted from κ ∝ T 3 parts at T ∼ 140 mK) became 1.1-1.4 mm -in fair agreemtnt with the upper limit expected for boundary-scattering regime, ℓ ≈ 1 mm (perhaps enhanced slightly by specular scattering). It thus appears that only in annealed non-purified 4 He phonon scattering was boundary-dominated. Fig. 2 shows examples of the TO resonant frequency f and linewidth ∆f for samples of purified and non-purified 4 He. In the latter, the characteristic temperature is T 0 ≈ 80 mK. In purified 4 He the cross-over temperature is T 0 < 30 mK [6] , hence we could not reach the saturation of the frequency shift at our lowest attainable temperature T = 22 mK. Nevertheless, the resonant frequency shift between 80 mK and 22 mK, f 22 − f 80 , can be used as a measure of the size of the effect under discussion. Using different rates of growing and annealing we were able to obtain samples of purified 4 He with ℓ ranging from 0.23 to 0.40 mm and measured the temperature dependence of resonant frequency for all of them. To our surprise, we have not observed any correlation between the magnitude of the frequency shift and ℓ in these samples (Fig. 3) . Similarly, in samples of non-purified 4 He, no correlation was found between the TO frequency shift f 22 − f 300 and thermal conductivity (characterized by the value of ℓ extracted from the κ ∝ T 3 part at T > 120 mK). In different as-grown samples, f 22 −f 80 for purified 4 He were in the range 2-8 mHz, and f 22 −f 300 for non-purified 4 He were within 10-15 mHz. Subsequent annealing was not found to change the values of these parameters significantly. For example, annealing at 1.77 K for 10-13 hours only resulted in changes of the frequency shift and linewidth within ±10 % in both purified and non-purified samples; at the same time κ typically increased by 50%-100% (Fig. 3) . This is in contrast to a substantial reduction of the frequency shift observed in highly-disordered samples [4, 5] but in agreement with little effect of annealing on the frequency shift in either already well-annealed polycrystals or single crystals [5] (albeit containing dislocation walls mobile above ∼ 0.8 T m [19] ) . We can thus speculate that our samples, even if polycrystalline, might begin with large grains of a size on the order of the gap width, and these grains do not coarsen any further; on the other hand, dislocations that could be efficient scatterers of phonons (especially those freely vibrating in purified 4 He) can still relax readily. The observed absence of correlation between the TO frequency shift and phonon m. f. p. does indicate that these two parameters are sensitive to different types of disorder. For instance, the former could be more sensitive to grain boundaries while the latter -to uncorrelated dislocations. The upward deviations from κ ∝ T 3 at T < 120 mK, observed in non-purified 4 He, cannot be accounted for by the enhancement of specular scattering as the wavelength of thermal phonons increases -because the weak temperature dependence ℓ(T ) observed in this regime (even for phonon m. f. p. much greater than the asperity size and for slabs of a higher aspect ratio n ∼ 20 [20] ) would only lead to a slight reduction in the slope of κ(T ), and thus can hardly account for the observed plateau-like κ(T ). Neither can this anomaly be attributed to end effect caused by increased ℓ -as this would decrease the apparent κ (and by different extent for different ℓ). Last but not least, the presense of crystalline defects limiting m. f. p. to ℓ < 1 mm (e. g. ℓ = 0.65 mm in Fig 1, •) would prevent grazing-angle phonons from propagating far even if boundary scattering becomes specular. We should hence conclude that there exists an additional channel of heat transport in parallel with Debye phonons. Indeed, an excessive contribution to the specific heat [12] at similar temperatures have been observed recently, although never yet in the samples of solid helium that can be simultaneously characterized by the TO effect. If both effects are caused by the same underlying phenomenon, it seems unlikely that it is superfluidity (that in liquid 4 He boosts heat transport by means of the counterflow of the normal and superfluid components). This is because we found that κ is independent of the TO amplitude: with a sample of non-purified 4 He at T = 90 mK with the gradient heater turned on we were increasing the TO drive amplitude by a factor of 50 -until both the TO frequency shift and excess damping disappeared (the superfluid component would have vanished at this point), but the temperature difference did not change within the experimental accuracy of ∼ 5%. It would be tempting to attribute the observed plateau in thermal conductivity to the gas of 3 He impuritons at concentration x 3 and m. f. p. of ∼ 1 mm. However, even with a generous assumption of the impuriton band of 0.1 K, one can only account for 10 −4 of the observed value. We note that Armstrong et al. [10] , who used 4 He of apparently natural purity (i. e. x 3 ∼ 3 × 10 −7 ), did not observe any deviations of thermal conductivity from T 3 dependence down to T = 30 mK. It is likely that the reason in the difference from our observations lies in the geometry of the experimental volumes that can affect the types and density of crystal defects: a long cylinder of 3 mm diameter in [10] versus essentially a 0.3 mm-thick slab in our case. It is plausible that confinement between parallel walls not only allows rapid quench from liquid into the solid phase but also helps to arrest relaxation and annealing of dislocations and grain boundaries.
The upward deviation from κ ∝ T 3 at high temperatures 160-250 mK (Fig. 1, •) , was only observed in nonpurified samples after annealing and will require further investigation. Even though it looks similar to κ ∝ T 6 dependence [10, 21] that is often observed in perfect samples at higher temperatures T ∼ 500 mK at which frequent normal phonon-phonon scatterings can result in an effectively enhanced ℓ (Poiseuille flow), at T < 250 mK the phonon gas is too rarified for hydrodynamic behaviour.
To summarize, we found that in different samples of polycrystalline hcp 4 He the magnitude of the TO frequency shift and the crystalline disorder as probed by thermal phonons are not correlated. The phonon m. f. p. readily increases upon annealing at T = 0.8T m while the value of the frequency shift hardly changes. Driving TO at high amplitude eliminates the TO frequency shift but leaves thermal conductivity unchanged. All these observations allow to conclude that the defects responsible for the TO anomaly and for the phonon mean free path in hcp 4 He have different properties. The discovered enhancement of the thermal conductivity at low temperatures is likely to be related to the recently observed excess contribution to the specific heat [12] -the origins of both are yet unknown and require further investigation.
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